Abstract. Let K be a cyclic number field. We show that, in the absence of wild ramification, the isometry class of the integral trace of K is completely determined by the degree and the discriminant of the field.
Introduction
An interesting arithmetic invariant of a number field K is its integral trace form, i.e., the integral quadratic form obtained by restricting the bilinear trace pairing (x, y) → Tr K (xy) to the maximal order o K . One of several reasons why the integral trace is of importance in number theory (see [1, 2, 3, 6, 8] ) is that it is a refinement of the discriminant d K , furthermore by a result of Tausky (see [Ta] ) it is also a refinement of the signature. It follows that two necessary conditions for two number fields K and L to have isometric integral traces is that they have equal degrees and equal discriminants. A result form the early 80's from Conner and Perlis states that if the fields in question are Galois and of prime degree then such conditions are also sufficient: Theorem 1.1. [5, §IV] Let p be an odd prime and let K, L be two Z/pZ-number fields. Then¨o
The objective of this paper is to generalize the above to not only prime degree extensions, but to arbitrary ones. At the moment we can do so under the additional hypothesis that there is no rational prime that ramifies wildly in either field. Our main result is the following:
Theorem (cf. Theorem 4.2 and Theorem 4.5 ). Let n be a positive integer and let K, L be two Z/nZ-number fields, without wild ramification. Then
Remark 1.2. We should notice that in the above situation our result implies that the signature of K is determined by its discriminant and its degree; this is not surprising if the degree n is odd since in such a case K is totally real. If n is even there are examples of fields K not being totally real, thus even in such cases the discriminant and the degree determine their signature.
1.0.1. A duality between Z/nZ and S n number fields. Let K be a totally real degree n number field, and let G(K) be the Galois group of the Galois closure of K over Q. If we wanted to try to define a sort of notion of complexity for the field K in terms of the group G(K) we could say that such complexity is very high if G(K) is as big as it can be; i.e., if
On the other side of the spectrum, we could argue that the such complexity is very low if G(K) is as uncomplicated as it can be. For instance, it should have the smallest possible order, n, and among those it should have not many autmorphisms 1 . The group G(K) ∼ = Z/nZ holds such requirements. The results presented in this paper are about the behavior of the trace in the low complexity case; in such case, under some ramification assumptions, the trace as an invariant is just the same as the discriminant. In contrast, for the high complexity case (see [9] ) the trace, under some ramification hypotheses as well, is a complete invariant. In other words the strength of the invariant¨o K , Tr K/Q ∂ with respect to d(K) presents a duality that seems to be determined, at least in the borderline cases, from the complexity of the group G(K).
1.0.2. Structure of the paper. In §2 we set up the basic notation, and facts, we will use later in our proofs regarding Hermitian forms over group rings. Then we start with the proofs of our results. The overall strategy behind is the following: We know by the Hilbert-Speiser's theorem that fields we study have an integral normal basis (INB). Using Hermitian forms on abelian groups, and Kronecker-Weber's, we construct a specific INB and we show that the Gram matrix of the trace, with respect such a basis, depends solely on the discriminant and the degree of the field. This strategy is executed in several stages; in §3 we deal with number fields of prime power degree, here also dealing with different levels:
(a) First we deal with number fields of prime power discriminant, and odd degree.
(b) Then we deal general discriminants, but still odd degree.
(c) Then, we deal with the case of degree a power of 2. Finally in §4, using that the number field has a cyclic Galois group, we do a gluing construction to pass from prime power degree to general degree. Here too we must do the distinction between odd and even degrees.
Hermitian forms over group rings
Let G be an abelian finite group, and let Z[G] the group ring of G over Z. Let X → X be the usual idempotent ring automorphism of Z[G] which extends the inversion map in G. The projection map, which is a morphism of Z[G]-modules, and the augmentation map, which is a ring homomorphism, are given by
where e ∈ G denotes the identity of G. An Hermitian form over a left Z[G]-module M is a is a Z-bilinear and symmetric map
such that for all X ∈ Z[G] and m 1 , m 2 ∈ M :
1 for example degree 4 extensions with cyclic Galois group should be "easier" than those with Galois group the Klein group.
Notice that, since G is abelian, the two conditions above imply that H(m 1 , Xm 2 ) = H(Xm 1 , m 2 ). For example, if
is a Z-bilinear and symmetric form such that
then β induces an Hermitian form H given by 
If β is a symmetric circulant and H the induced Hermitian form by β, then 
Hence,
In this case we say s 1 is congruent to s. This is an equivalence relation on the set of elements s of the group ring such that s = s ∈ Z[G]. Thus, the classification of circulants, up to isometry, is equivalent to the classification of such elements s up to congruence. 2.1. Induced circulants. In this subsection we collect some of the basic results about circulants that we will need later in the paper. We do not give proofs of most of the results. For the interested reader proofs can be found in [5, .
Let H ⊂ G be a subgroup, |H| = h and χ the canonical quotient homomorphism 
Furthermore, note that 
2.2.
Product of circulants. Let G 1 and G 2 be abelian groups. Using the inclusions
. This yields to a bilinear form
and it turns, to an isomorphism
Hence, the following:
is canonically associated to the product circulant β 1 ⊗ β 2 .
Prime power degree
Let q be a prime and r be a positive integer. In this section we consider cyclic number fields of degree q r , and such that no rational prime has wild ramification in them. The principal goal of this section is to present a canonical configuration for the quadratic module¨o K , Tr K/Q () ∂ based only on the discriminant and the degree of K.
We state the following well known result since we will use it often.
Lemma 3.1. Let L/Q be an abelian extension. Suppose that L does not have wildly ramified primes. Then, the conductor of L is f = rad(d(K)).
Proof. This follows from the fact that the conductor is the product over ramified primes of the local conductors. (See [13] or [10] ).
3.1. One Prime Ramifying. Throughout K denotes a tamely ramified cyclic number field of degree q r , and p = q the only prime ramifying in K.
Thanks to Lemma 3.1 we know that K ⊂ Q(η p ), where η p is a primitive p-th root of unity. Furthermore, since Gal(Q(η p )/Q) ≃ (Z/pZ) * is cyclic then K is the only subfield of Q(η p ) of degree q r , and q r |(p − 1). The ring of integers of
with a structure of a Z[(Z/pZ) * ]-module in the following way:
for every g ∈ (Z/pZ) * and extend by linearity. Thus, we have an isomorphism of Z[(Z/pZ) * ]-modules of rank 1.
Additionally, we define a symmetric circulant β on Z[(Z/pZ) * ] by
Lemma 3.2. Suppose that t is a generator of (Z/pZ) * , then associated circulant of β is
and t (p−1)/2 ∈ (Z/pZ) * is independent of the choice of t.
Proof. The relationship between s and β is given by
Our goal is to calculate the coefficients β(I, g) for every g. For this purpose, let t be a generator of (Z/pZ) * , then each g ∈ (Z/pZ) * is equal to t j for some 0 ≤ j ≤ p − 1. Now, suppose that ϕ(t) = t(η p ) = η r p for some 1 < r < p − 1, then ϕ(t j ) = η r j p and
otherwise.
But, r j + 1 ≡ 0 mod p only when j = p−1 2 no matter the choice of the generator t. Hence, we have
Lemma 3.3. Let K be a cyclic number field of degree q r with discriminant a power of p = q, and let h = p−1 q r . Then, there is an integral basis of K such that the Gram matrix of the trace in such basis is equal to
Proof. Since p is the only prime ramifying in K, then by Lemma 3.1 K ⊂ Q(η p ). Thus, for every x, y ∈ o K , by transitivity of the trace
is the only subgroup of (Z/pZ) * of order h := p−1 q r , K = F ix(H), and K is totally real if and only if |H| = p−1 q r is even, otherwise K would be totally complex. In addition, if h is even, then
On the other hand, under the isomorphism ϕ, (1), ϕ( Σ H ) = o K and if we set e 1 = Tr Q(ηp)/Q (η p ) then the action of Gal(K/Q) over e 1 generates a normal integral basis e := {e 1 , e 2 , . . . , e q r } of K.
Denote by χ the epimorphism from Gal(Q(η p )/Q) to Gal(K/Q)
and extend this to a ring homomorphism
Under this homomorphism we obtain
where I is the identity map and C is the conjugation map C : K → K. Hence,
From Lemmas 1.2, 1.3 and 1.4 the following diagram is commutative;
we conclude that χ(s) is the circulant associated to Tr K/Q () in the basis e. Therefore the Gram matrix of the trace in the basis e is
3.2. Several primes ramifying. Throughout this section K will denote cyclic number field of degree q r tamely ramified, let p 1 , p 2 , . . . , p n be the primes ramifying in K. We will denote by e i the ramification index of p i in K. By Lemma 3.1, f = rad(d(K)) is the conductor of K. The following graphic illustrates this situation
Proof. Let P be a prime in Z[η f ] above of p i and
since p i does not ramify in Q(η p j ) with j = i, then V P j (Q(η p i )) = {id} is trivial, and we have the isomorphism
On the other hand, the image of the restriction of the canonical map
Finally, the composition
Corollary 3.5. Following the notation above, for every p i with i = 1, ..., n
is onto, then taking cardinalities we conclude that e p i (p i − 1).
Now, we proceed to analyze the general case, remember that K will denote a cyclic number field of degree q r , q a prime number, and p 1 , p 2 , . . . , p n the primes ramifying in K, additionally we suppose K is tamely ramified.
By Lemma 3.4 we know that for every i, p i ≡ 1 mod e p i , and the restriction
is onto. Additionally, since for every i, (Z/p i Z) * is a cyclic group of order p i − 1 and e p i (p i − 1), then there exist an unique subgroup H i ⊂ (Z/p i Z)
* for which the quotient is cyclic group of order e p i . This subgroup must be the kernel of the restriction of the canonical homomorphism
Thus the kernel of
contains the product
sinceH ⊂ Ker(χ), then χ factors through the quotient epimorphism
That is, the following diagram is commutative
Furthermore, the kernel of χ ′ is Ker(χ)/H, and for each i the restriction of χ ′ to
Letting F be the fixed field ofH we have that K ⊂ F ⊂ Q(η f ), moreover if each i we define F i := Fix(H i ) then Galois's correspondence yields to
In particular, each extension F i /Q has degree e p i , Galois Group Z/e p i Z ≃ G i , and p i is the only prime ramifying.
Thus, by Lemma 3.3 we can find a integral normal basis {w
is given by ϕ i (I) = w 1 i and
where
and h i :=
. Since the discriminant of Q(η p i ) are pairwise coprime then the discriminant of F i ⊂ Q(η p i ) are pairwise coprime. Hence, since F is the compositum
Thus, we can define ϕ :
Remark 3.6. Note thatG = Gal(F/Q), and the action ofG over w generates a normal integral basis for o F . Now, since the trace form on o F down to Z is the tensor product of the trace forms on o F i then we can extend ϕ to the following quadratic spaces in the following waÿ
The resulting circulant, s = s ∈ Z[G], for the symmetric bilinear form β :
Finally, remember that χ ′ :G → Z/q r Z → 1 has a kernel H, whose fixed field is K; Additionally, χ ′ induces a ring homomorphism 
where e p i represents the only subgroup of Z/q r Z of order e p i , and
where σ is the only element of order 2 in Z/q r Z. Thus, if K is totally complex then σ should be the complex conjugation.
Lemma 3.7. Let K be a cyclic number field of degree q r , q odd prime. In keeping up with the notation above, let {p 1 , ...p n } be the set of primes that ramify in K, all tame, let e i be the usual ramification index and let h i :=
. Let s and χ ′ be as above. Suppose a 0 , ..., a r are integers such that
Proof. By reindexing, if necessary, we have 2 as it is standard the product over the empty set is defined to be 1.
Using that
and that
we finish the proof by induction in the number of f j = 0.
Corollary 3.8. Let K be as in Lemma 3.7. For all 0 ≤ i ≤ r let A i be the q r × q r matrix defined by
otherwise. Then, there is an integral normal basis e of o K such that the Gram matrix of the trace form in such basis is equal to
Proof. Let t be a generator of Gal(K/Q), and let ω be as in Remark 3.6. If we let e 1 := Tr F/K (w), and e j+1 := t j (e 1 ) for j = 0, 1, 2, . . . , q r − 1 then e := {e 1 , ..., e q r } is an integral normal basis. Furthermore, for this basis we have
from which the result follows.
Theorem 3.9. Let K, K ′ be two cyclic number fields of degree q r , q odd prime. Suppose that neither field has primes that ramify wildly. Then,
Proof. We show the non trivial implication. Thanks to Corollary 3.8 we know that K and K ′ have integral basis such that the Gram matrices of their traces, in their respective basis, are
It suffices to show that for all i, a i = a ′ i . By Lemma 3.7 we see that the values a i and a ′ i are completely determined by the ramification indices of each ramified prime. Hence, it is enough to show that e p (K/Q) = e p (K ′ /Q) for all prime p. This is indeed the case since for a Galois number field E, of degree n and discriminant d(E), the exponent of p in d(E) is equal to n(1 − 1 ep(E/Q) ) for every prime that is not wildly ramified in E. Lemma 3.10. Let K be a tamely ramified cyclic number field of degree 2 r , let {p 1 , p 2 , . . . , p n } be the set of primes ramifying in K, let h i :=
, where e p i is the usual ramification index of p i in K, and let ε be the number of i's such that e i ||(p i − 1). Let s and χ ′ be as before. Then, there exist a 0 , . . . , a r integers such that
For each 1 ≤ j ≤ r, let P j := {p i :
Proof. By reindexing, if necessary, we have
Where for every i, ε i means the number of i's such that e p i ||(p i − 1) and e p i = 2 i . Using that
the result follows by induction in the number of f j = 0.
Corollary 3.11. Let K as in Lemma 3.10. For every 0 ≤ i ≤ r let A i be the 2 r × 2 r matrix defined by
otherwise
Then, there is a normal integral basis e of o K such that the Gram matrix of¨o K , Tr K/Q () ∂ in such basis is equal to
Proof. Let t be a generator of Gal(K/Q), and let ω be as in Remark 3.6. If we let e 1 := Tr F/K (w), and e j+1 := t j (e 1 ) for j = 0, 1, 2, . . . , 2 r − 1 then e := {e 1 , ..., e 2 r } is an integral normal basis. Furthermore, for this basis we have
Theorem 3.12. Let K, K ′ be two cyclic number fields tamely ramified of degree 2 n . Then,
Proof. We show the non trivial implication. By the same argument at the end of the proof of Theorem 3.9 we see that e p (K ′ /Q) = e p (K/Q) for every prime p. Hence, the respective associated circulants
General degree
In this section, we study the behaviour of¨o K , Tr K/Q ∂ in a wider context, when Gal(K/Q) is a cyclic group of order m and K is tamely ramified. Let m = q
By Galois' correspondence, there are fields
Furthermore, this decomposition is unique and only depends on K. Additionally, every K i is tamely ramified since K is tamely ramified by hypothesis.
We denote P i ⊂ {p 1 , p 2 , . . . , p n } the set of primes ramifying in K i . Since every K i is a cyclic number field tamely ramified of degree q r i i , then we can proceed as in §3 in order to find number fields F i 1 , . . . , F i |P i | such that every F i k is cyclic, tamely ramified, and only one prime is ramifying in F i k ; additionally, we have
We can continue this process with every K i in order to obtain numbers fields F i k , with 1 ≤ i ≤ l and 1 ≤ k ≤ |P i |, each one cyclic, tamely ramified, only one prime is ramifying, degree [F i k : Q] = e p (K i /Q) and F i k ⊂ Q(η p ) where p is the only prime ramifying in F i k .
Lemma 4.1. Let p 1 , p 2 , . . . , p n be the primes ramifying in K, then there exist subfields
Proof. Based on the construction above, we have number fields F i k , with 1 ≤ i ≤ l and 1 ≤ k ≤ |P i |. For every prime p j , we associate the F i k , 1 ≤ i ≤ l, 1 ≤ k ≤ |P i | , according the prime which is ramifying in each one and denote by F i its composition. Let's check that this construction has the properties that we claimed. Clearly, every F i ⊂ Q(η p i ) since by construction the only prime ramifying in F i is p i , additionally,
On the other hand, if p j ramify in {K j 1 , K j 2 , . . . , K js } then the respective number field F j l k in which p j is ramifying has degree e p j (K j l /Q), since every K i has degree q r i i then the numbers e p j (K j l /Q) are mutually coprimes, then the degree of F j , being the composite of the number field F j l k in which p j is ramifying, is the product of these degrees, but this product is the ramification index e p j (K/Q).
From Lemmas 3.1 and 4.1, we have the following diagram 
As before, we denote by χ the canonical projection from Gal(Q(η f )/Q) to Gal(K/Q),
For every i the ramification group of p i in Q(η f ) is
and the restriction of χ to
Now, by Lemma 4.1 there exist a subfield
Our main interest at this part is to understand the behaviour of¨o
Thus, it's enough to understand the behaviour of each¨o F i , Tr F i /Q ∂ in order to achieve our task. l is an odd number. For 1 ≤ i ≤ l let s i be the circulant associated to F i . Since F i has odd degree, we get
and
Therefore, the circulant s associated to F is
Where e p i denotes the unique subgroup of Z/mZ of order e p i (K/Q).
Theorem 4.2. Let K, K ′ be two cyclic number fields of odd degree m. Suppose that neither field has wildly ramified primes. Then,
Proof. We show the non trivial implication. As usual the hypotheses imply that e p (K/Q) = e p (K ′ /Q) for every prime p. Therefore, the respective associated circulants
are equal and therefore the quadratics modules¨o
We now describe the circulant s associated to a cyclic tamely ramified number field K of odd degree m.
= m be the set of positive divisors of m, and let
τ (m) ∈ Z τ (m)−1 : ε i = 0 or 1 for every i .
Additionally, for every v ∈ P we define
τ (m) , and for every d|m
With this notation in mind we state the following Lemma:
Lemma 4.3. Let K be a tamely ramified cyclic number field K of odd degree m and p 1 , p 2 , . . . , p n the primes ramifying in K, then the circulant s associated to K is given by
where < d > denotes the only subgroup of Z/mZ of order d, and a i is given by the formula
in which d > 1 is a divisor of m, and for
= m be the divisors of m. Then by reindexing, if necessary, we have
Using the fact that
> we finish by induction in the number of f j = 0. We define
, thus, by Lemma 3.3 for every i such that h i is even then the associated circulant to F i will be equivalent to s(F i ) = p i I − h i Σ G i , meanwhile for every j such that h j is odd then the associated circulant to F j should be equivalent to
where G i := Gal(F i /Q) ≃ Z/e q i (K/Q)Z.
Therefore, if F := F 1 · F 2 · · · F l then the respective associated circulant s to F should be equivalent to
where,
Finally, since χ ′ : Gal(F/Q) → Gal(K/Q) is a epimorphism, then the associated circulant to K would be
Where e p i denotes the unique subgroup of Z/mZ of order e p i (K/Q),
σ if h i is odd and σ represent the only element in Gal(K/Q) of order 2; For example, if K is totally complex then σ will be the complex conjugation. Proof. As usual we only show the non trivial implication. As we have seen before the hypotheses imply that e p (K/Q) = e p (K ′ /Q) for all prime p. Then,
for all i. Therefore, the respective associated circulants
are equal. Thus, the integral quadratic modules¨o K , Tr K/Q ()
